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1.
, Coxeter $\text{ }\wedge$
.
, Coxeter Coxeter .
Definition 11. $S$ $m:S\cross Sarrow \mathrm{N}\cup\{\infty\}$
.
(1) $s,$ $t\in S$ [ $m(s,$ $t)=m(t, s)$ ,
(2) $s\in S$ { $m(s, s)=1$ ,
(3) $s,$ $t\in S$ [ $\mathrm{A}\mathrm{a}$ $m(s, t)\geq 2$ .
$S$ $m$ [
$W=\langle$ $S|(st)^{m(s,t)}=1$ for $s,$ $t\in S\rangle$
$W$ Coxeter , $(W, S)$ Coxeter .
,
(4) $s,$ $t\in S$ [ $m(s, t)=2$ or oo
, $(W, S)$ righ-angled Coxeter .
Coxeter parabolic .
Definition 12. Coxeter $(W, S)$ $S$ $T$ , $W_{T}$ $T$
$W$ . $W_{T}$ parabolic .
Remark. Coxeter $(W, S)$ $S$ $T$ , Cox-
eter ffl $W\emptyset\grave{\grave{>}}$




$W_{T}=\langle$ $T|(st)^{m|\tau \mathrm{x}T(s,t)}=1$ for $s,$ $t\in T\rangle$
(cf. [Bo]). , $(W_{T}, T)$ Coxeter
.
Coxeter , Coxeter diagram .
Definition 13. , , edge
$\Gamma$ , edge 2
, $\Gamma$ Coxeter diagram .
Coxeter $(W, S)$ , Coxeter diagram $\Gamma(W, S)$
:
(1) $\Gamma(W, S)$ vertex set $S$ .
(2) $s,$ $t\in S$ [ , $m(s, t)<\infty$ [ $s$ $t$ edge
.
(3) $s,$ $t\in S$ ( , $s$ $t$ edge , edge I
$m(s, t)$ .
, Coxeter diagram Coxeter .
Coxeter Coxeter diagram .
Coxeter , ,
. Coxeter simplicial complex
$L(W, S)$ CAT(0) $\Sigma(W, S)$ .
Definition 14. Coxeter $(W, S)$ , simplicial complex $L(W, S)$
:
(1) $L(W, S)$ vertex set $S$ .
(2) $S$ $T$ , . $W_{T}$ $L(W, S)$ simplex
.
Definition 15. $(W, S)$ Coxeter . , $W$
$L(W, S)$ cone $CL(W, S)$ $|CL(W, S)|$ $W\cross|CL(W, S)|$
$\sim$ : $(w_{1}, x_{1}),$ $(w_{2}, x_{2})\in W\cross|CL(W, S)|$
$(w_{1}, x_{1})\sim(w_{2},x_{2})\Leftrightarrow x_{1}=x_{2}$ and $w_{1}^{-1}w_{2}\in W_{V(x_{1})}$ ,
$V(x)=\{s\in S|x\in \mathrm{S}\mathrm{t}(s, \mathrm{s}\mathrm{d}L(W, S))\}$ . , St(s, $\mathrm{s}\mathrm{d}L(W,$ $S)$ ) [
$L(W, S)$ $\mathrm{s}\mathrm{d}L(W, S)$ [ $s$ closed star . ,
$\Sigma(W, S):=(W\cross|CL(W, S)|)/\sim$
81
. $\Sigma(W_{\ovalbox{\tt\small REJECT}}S)$ contractible ([D1]), 1-skeleton $W$ $S$
Cayley graph $\mathrm{C}\mathrm{W}$-complex ([D2])
. , $\Sigma(W_{\ovalbox{\tt\small REJECT}}S)$ CAT(0)
$\mathrm{G}$ Moussong ( $\ovalbox{\tt\small REJECT}\backslash$ ([M]).
CAT(0)
.
Definition 16. CAT(0) $X$ , $X$ $X$
$X=$ { $\xi$ : [0, $\infty)arrow X$ geodesic ray $|\xi(0)=x_{0}$ }
. $x_{0}\in X$ . $X$ $x_{0}$
([BH]).
Coxeter .
Definition 17. Coxeter $(W, S)$ CAT(0) $\Sigma(W, S)$
$\Sigma(W, S)$ Coxeter $(W, S)$ .




Example ([Bo, p.38 Exercise 8]). Figure 1 diagram
Coxeter .
6
FIGURE 1. Two distinct Coxeter diagrams for $D_{6}$




FIGURE 2. Coxeter diagrams for isomorphic Coxeter groups




Problem (Charny and Davis [CD]). Coxeter Cox-
eter
Coxeter , A.N.Dranishnikov .
Rigidity Conjecture (Dranishnikov [Dr2]). Coxeter $(W, S),$ $(W’, S’)$
, Coxeter $W$ $W’$ , $\Sigma(W, S)$ $\Sigma(W’, S’)$
.
rigidity , Coxeter right-angled
. Right-angled Coxeter , Tits (cf. [Br2,
p.50]) word .
Lemma 2.1. Right-angled Coxeter $\text{ _{}\backslash }(W, S)[]_{-}^{_{\vee\supset\mathrm{A}}}$ ’-C, $w\in Wl\grave{\grave{:}}w=s_{1}\cdots s_{l}$
$(s_{i}\in S)$ , $\ell(w)=l$ . , $t,$ $t’\in S$ [ ,
$\ell(t(s_{1}\cdots s_{l}))=l+1$ $twt’=w$ , $t=t$’ $ts_{i}=s:t(i=1, \ldots, l)$
.
, .
Theorem 22([H3]). Coxeter $(W, S),$ $(W’, S’)$ [ , Coxeter $W$
$W’$ $(W, S)$ right-angled , $(W, S)$ $(W’, S’)$ { Coxeter
. , $\Sigma(W, S)$ $\Sigma(W’, S’)$ .




Coxeter $W$ $\mathbb{Z}W$ cohomology $H^{*}(W;\mathbb{Z}W)$ , CAT(0)
$\Sigma(W, S)$ compact support cohomology $H_{c}^{*}(\Sigma(W, S))$ ,
$\Sigma(W, S)$ reduced $\check{\mathrm{C}}\mathrm{e}\mathrm{c}\mathrm{h}$ cohomology $\check{H}^{*}(\partial\Sigma(W, S))$
([Brl], [D3]).
$H^{*}(W;\mathbb{Z}W)\cong H_{c}^{*}(\Sigma(W, S))\cong\check{H}^{*-1}(\partial\Sigma(W, S))$
cohomology , M.W.Davis .
Theorem 3.1 (Davis [D3]). Coxeter $(W, S)$ [ , J
.
$H^{*}(W;\mathbb{Z}W)\cong H_{c}^{*}(\Sigma(W, S))\cong\check{H}^{*-1}(\partial\Sigma(W, S))$
$\cong\oplus(\mathbb{Z}(W^{T})\otimes\tilde{H}^{*-1}(L(W_{S\backslash T}, S\backslash T)))W_{T}isfintteT\subset S^{\cdot}$
$\tilde{H}^{*}$ reduced cohomology , $\mathbb{Z}(W^{T})$ [ $W^{T}$ free abelian
group . $W^{T}$ . , $w\in W$
$S(w)=\{s\in S|\ell(ws)<\ell(w)\}$ . $\ell(w)$ { $w$
$S$ . , $S$ $T$
$W^{T}=\{w\in W|S(w)=T\}$ .
, Coxeter cohomolo
, , $T\subset S$ $W^{T}$
. Davis $\mathrm{F}.\mathrm{T}.$Farrell
.
Theorem 3.2 (Farrell [F]). $\Gamma$ type $FP$ finitely presented , $n=$
$\min\{i|H^{i}(\Gamma;\mathbb{Z}\Gamma)\neq 0\}$ . $H^{n}(\Gamma;\mathbb{Z}\Gamma)$
, $\Gamma$ $n$ -dimensional Poincar\’e duality group , , $H^{n}(\Gamma;\mathbb{Z}\Gamma)\cong \mathbb{Z}$
$i\neq n$ [ $H^{i}(\Gamma;\mathbb{Z}\Gamma)=0$ .
Coxeter $(W, S)$ $S$ $\tilde{S}$
: $S$ $\{S_{1}, \ldots, S_{f}\}$ , $(W_{\dot{*}}, S_{\dot{l}})$
$W=W_{S_{1}}\cross\cdots\cross W_{S_{r}}$
,
$\tilde{S}=\cup$ { $S_{i}|W_{S}.\cdot$ }
84
. $\tilde{S}$ , $L(W_{S\backslash T}, S\backslash T)$ contractible $W^{T}$
, $T=S\backslash \tilde{S}$ , $W^{T}$ Theorem 32
. , $S\backslash \tilde{S}\not\subset T$ $W_{T}$ $L(W_{S\backslash T}, S\backslash T)$ { contractible
. , Theorem 3.1
.




$\bigoplus_{\mathbb{Z}}\tilde{H}^{*-1}(L(W_{S\backslash T}, S\backslash T)))$ .
$W_{T^{is_{\mathrm{C}T}},s\backslash f\tilde{s}_{\neq}^{inite}}$
, .
Corollary 34([H1]). Coxeter $(W, S)$ [ {
(1) $H^{i}(W;\mathbb{Z}W)$ ;
(2) $H^{:}(W;\mathbb{Z}W)\cong\tilde{H}^{i-1}(L(W_{\overline{S}},\tilde{S}))$ ;
(3) $W_{T}$ $T\subset S$ ,
$S\backslash \tilde{S}\subset\neq T$
$\tilde{H}^{1-1}.(L(W_{S\backslash T}, S\backslash T))=0$ .
4. COHOMOLOGICAL DIMENSION
Coxeter cohomological dimension M.Bestvina G.Mess
([BM], [B2]).
$\mathrm{c}-\dim_{R}\partial\Sigma(W, S)=\mathrm{v}\mathrm{c}\mathrm{d}_{R}W-1$ ,
, $\mathrm{c}-\dim_{R}\partial\Sigma(W, S)$ compact $\Sigma(W, S)$ $R$ cohomological
dimension :
$\mathrm{c}-\dim_{R}\partial\Sigma(W, S)$
$:= \sup${ $i|\check{H}^{i}(\partial\Sigma(W,$ $S),$ $A;R)\neq \mathrm{O}$ for some closed set $A\subset\partial\Sigma(W,$ $S)$ }.




M.W.Davis $\mathrm{v}\mathrm{c}\mathrm{d}_{\mathbb{Z}}W\leq\dim L(W, S)$ $[\mathrm{D}1]$
’
, A.N.Dranishnikov I , $L(W, S)$ subcomplex cohomology
, $\mathrm{v}\mathrm{c}\mathrm{d}_{R}W$ [Drl] .
Dranishnikov .
Theorem 4.1 ([Drl], [HY]). $W$ Coxeter , $R$
(a) $R$ $I$ $\mathrm{v}\mathrm{c}\mathrm{d}_{\mathbb{Q}}W\leq \mathrm{v}\mathrm{c}\mathrm{d}_{R/I}W\leq \mathrm{v}\mathrm{c}\mathrm{d}_{R}W\leq \mathrm{v}\mathrm{c}\mathrm{d}_{\mathbb{Z}}W$
.
(b) $R$ $I$ $\mathrm{v}\mathrm{c}\mathrm{d}_{R/I}W=\mathrm{v}\mathrm{c}\mathrm{d}_{\mathbb{Q}}W$
.
(c) $R$ , $R$ $I$ $\mathrm{v}\mathrm{c}\mathrm{d}_{R/I}W=\mathrm{v}\mathrm{c}\mathrm{d}_{R}W$
.
(d) $\mathrm{v}\mathrm{c}\mathrm{d}_{R}(W\cross W)=2\mathrm{v}\mathrm{c}\mathrm{d}_{R}W$ .
, Dranishnikov (a) $R=\mathbb{Z}$ (b), (c),
(d) .
, Dranishnikov $\mathrm{v}\mathrm{c}\mathrm{d}_{R}W$ Bestvina Mess
.
Theorem 42([HY]). $(W, S)$ $ght$-angled Coxeter , $R$
, $n=\mathrm{c}-\dim_{R}\partial\Sigma(W, S)$ . , $T_{0}\subset T_{1}\subset\cdots\subset T_{n-1}\subset S$
$\mathrm{c}-\dim_{R}\partial\Sigma(W_{T}.\cdot, T\dot{.})=i(i=0,1, \ldots, n-1)$ .
Dranishnikov [Drl] ,
$\mathrm{v}\mathrm{c}\mathrm{d}_{\mathbb{Z}}W=3,$ $\mathrm{v}\mathrm{c}\mathrm{d}\mathbb{Q}W=2$
Coxeter $W$ . ,
$\mathrm{c}-\dim_{\mathbb{Z}}\partial\Sigma(W, S)=2,$ $\mathrm{c}-\dim \mathbb{Q}\partial\Sigma(W, S)=1$
. .
Problem (Dranishnikov [Drl]). Coxeter$ $W-C^{\theta}$
$\mathrm{v}\mathrm{c}\mathrm{d}_{\mathbb{Z}}W\geq 4$, $\mathrm{v}\mathrm{c}\mathrm{d}\mathbb{Q}W=2$
? , Coxeter
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